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1 Introduction and main results
In this paper, we consider the following second-order Hamiltonian systems
u¨(t)− L(t)u(t) +∇W(t, u(t)) = 0, (1.1)
where W : R× RN → R is a C1-map and L : R→ RN2 is a matrix valued function. We say that
a solution u(t) of problem (1.1) is nontrivial homoclinic (to 0) if u 6≡ 0, u(t)→ 0 as t→ ±∞.
The dynamical system is a class of classical mathematical model to describe the evolution
of natural status, which have been studied by many mathematicians (see [1–41]). It was
shown by Poincaré that the homoclinic orbits are very important in study of the behavior of
dynamical systems. In the last decades, variational methods and the critical point theorem
have been used successfully in studying the existence and multiplicity of homoclinic solutions
for differential equations by many mathematicians (see [1,3–5,8–17,19–21,23,24,27–29,32–41]
and the references therein).
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In [20], Rabinowitz made use of the periodicity of L(t) and W(t, x) to obtain the existence
of nontrivial homoclinic solution for problem (1.1) as the limit of a sequence of periodic
solutions. While L(t) and W(t, x) are neither independent of t nor periodic in t, the problem
is quite different from the periodic one since the lack of compactness. In order to get the
compactness back, Rabinowitz and Tanaka [21] introduced the following coercive condition
on L(t).
(L0) L ∈ C(R, RN2) is a symmetric and positively definite matrix for all t ∈ R and there exists
a continuous function l : R→ R such that l(t) > 0 for all t ∈ R and
(L(t)x, x) ≥ l(t)|x|2 with l(t)→ ∞ as |t| → ∞.
With condition (L0), Omana and Willem [16] obtained a new compact embedding theorem
and got the existence and multiplicity of homoclinic solutions for problem (1.1). It is obvious
that there are many functions which do not satisfy condition (L0). For instance, let L(t) =
(4+ arctan t) Idn, where Idn is the n× n identity matrix.
If there is no periodic or coercive assumption, it is difficult to obtain the compactness of
the embedding theorem. Therefore, there are only few papers concerning about this kind of
situation. In the present paper, we consider the following condition on L(t).
(L) L ∈ C(R, RN2) is a symmetric and positively definite matrix for all t ∈ R and there exist
constants 0 < τ2 < τ1 such that
τ1|x|2 ≥ (L(t)x, x) ≥ τ2|x|2 for all (t, x) ∈ R× RN .
Condition (L) was introduced by Zhang, Xiang and Yuan in [41]. With condition (L), the
authors obtained a new compact embedding theorem. In this paper, W is assumed to be of
the following form
W(t, x) = λF(t, x) + K(t, x). (1.2)
The existence and multiplicity of homoclinic for problem (1.1) with mixed nonlinearities
have been considered in some previous works. In 2011, Yang, Chen and Sun [33] showed the
existence of infinitely many homoclinic solutions for problem (1.1). In a recent paper [32], Wu,
Tang and Wu obtained the existence and nonuniqueness of homoclinic solutions for problem
(1.1) with some nonlinear terms which are more general than those in [33]. However, condition
(L0) is needed in both of above papers. In this paper, we take advantage of condition (L) to
study problem (1.1) with concave-convex nonlinearities. Now we state our main results.
Theorem 1.1. Suppose that (L), (1.2) and the following conditions hold
(W1) K(t, x) = a1(t)|x|s, where s > 2 and a1 ∈ L∞(R, R);
(W2) there exists an open interval Λ ⊂ R such that a1(t) > 0 for all t ∈ Λ;
(W3) a1(t)→ 0 as |t| → +∞;
(W4) F(t, 0) = 0 and F(t, x) ∈ C1(R× RN , R);
(W5) there exist t¯ ∈ R, r0 ∈ (1, 2) and b0 > 0 such that F(t¯, x) ≥ b0|x|r0 for all x ∈ RN ;
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(W6) for any (t, x) ∈ R× RN , there exist r1, r2 ∈ (1, 2) such that
|∇F(t, x)| ≤ b1(t)|x|r1−1 + b2(t)|x|r2−1, (1.3)
where b1(t) ∈ Lβ1(R, R+) and b2(t) ∈ Lβ2(R, R+) for some β1 ∈ (1, 22−r1 ] and β2 ∈ (1, 22−r2 ].
Then there exists λ1 > 0 such that for all λ ∈ (0,λ1), problem (1.1) possesses at least two
homoclinic solutions.
Remark 1.2. In [9, 33, 36], the authors also considered the concave-convex nonlinearities, but
in [9, 33], L(t) was required to satisfy the coercive condition (L0), which is different from
condition (L). In [36], only a class of specific nonlinearities was considered and the concave
term was assumed to be positive.
Theorem 1.3. Suppose that (L), (1.2), (W1)–(W4), (W6) and the following condition hold
(W7) F(t,−x) = F(t, x) for all (t, x) ∈ R× RN .
Then problem (1.1) possesses infinitely many homoclinic solutions.
Remark 1.4. Note that F(t, x) ≡ 0 satisfies the conditions of Theorem 1.3. Moreover, F(t, x)
and W(t, x) can change signs, which is different from the results in [9, 33, 36].
In the following theorems, we consider the case when the convex term is positive.
Theorem 1.5. Suppose that (L), (1.2), (W4)–(W6) and the following conditions hold
(W8) K(t, x) = a2(t)G(x), where a2(t) ∈ L∞(R, R);
(W9) a2(t) > 0 for all t ∈ R and a2(t)→ 0 as t→ ∞;
(W10) G ∈ C1(RN , R), G(0) = 0 and ∇G(x) = o(|x|) as x→ 0;
(W11) G(x)/|x|2 → +∞ as |x| → ∞;
(W12) there exist ν > 2 and d1, ρ∞ > 0 such that
(∇G(x), x)− νG(x) ≥ −d1|x|2 for all |x| ≥ ρ∞.
If G(x) ≥ 0, there exists λ2 > 0 such that for all λ ∈ (0,λ2), problem (1.1) possesses at least two
homoclinic solutions.
Remark 1.6. In Theorem 1.5, (W10)–(W12) are all local conditions. There are functions satisfy-
ing the conditions (W10)–(W12). For example, let
G(x) =

−|x|4 + |x|3 for |x| ≤ 45 ,(
|x| − 4+ 4
1
3
5
)4
+
64− 4 43
625
for |x| ≥ 45 .
(1.4)
Obviously, with function (1.4), K(t, x) does not satisfy the following global condition
(∇K(t, x), x)− 2K(t, x) ≥ 0 for all (t, x) ∈ R× RN ,
which is needed in many papers [1, 8, 10–12, 16, 17, 20, 21, 27, 29, 33–37, 41].
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With a symmetric condition, we can obtain infinitely many homoclinic solutions for prob-
lem (1.1).
Theorem 1.7. Suppose that (L), (1.2), (W4), (W6)–(W12) and the following condition hold
(W13) G(−x) = G(x) ≥ 0 for all (t, x) ∈ R× RN .
Then problem (1.1) possesses infinitely many homoclinic solutions.
In our proofs, the following critical point theorems are needed.
Lemma 1.8 (Lu [13]). Let X be a real reflexive Banach space and Ω ⊂ X a closed bounded convex
subset of X. Suppose that ϕ : X → R is a weakly lower semi-continuous (w.l.s.c. for short) functional.
If there exists a point x0 ∈ Ω \ ∂Ω such that
ϕ(x) > ϕ(x0), ∀ x ∈ ∂Ω
then there is a x∗ ∈ Ω \ ∂Ω such that
ϕ(x∗) = inf
x∈Ω
ϕ(x).
Lemma 1.9 (Chang [7]). Suppose that E is a Hilbert space, I ∈ C1(E, R) is even with I(0) = 0, and
that
(Z1) there are constants $, α > 0 and a finite dimensional linear subspace X such that I|X⊥ ⋂ ∂B$ ≥
α, where B$ = {u ∈ E : ‖u‖ ≤ $};
(Z2) there is a sequence of linear subspaces X˜m, dim X˜m = m, and there exists rm > 0 such that
I(u) ≤ 0 on X˜m \ Brm , m = 1, 2, . . .
If, further, I satisfies the (PS)∗ condition with respect to {X˜m | m = 1, 2, . . . }, then I possesses
infinitely many distinct critical points corresponding to positive critical values.
We recall that a functional I is said to satisfy the (PS)∗ condition with respect to {X˜m |
m = 1, 2, . . . }, if any sequence {xm | xm ∈ X˜m}, satisfying
|I(xm)| < ∞ and I′|X˜m(xm)→ 0,
has a convergent subsequence.
2 Preliminaries
Set
E =
{
u ∈ H1(R, RN) :
∫
R
|u˙(t)|2 + (L(t)u(t), u(t))dt < +∞
}
,
with the inner product
(u, v)E :=
∫
R
((u˙, v˙) + (L(t)u(t), v(t))) dt
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and the norm ‖u‖ = (u, u)1/2E . Note that the embedding E ↪→ Lp(R, RN) is continuous for all
p ∈ [2,+∞], then there exists Cp > 0 such that
‖u‖p ≤ Cp‖u‖ for all u ∈ E. (2.1)
Furthermore, the corresponding functional of (1.1) is defined by
I(u) =
1
2
‖u‖2 −
∫
R
W(t, u(t))dt. (2.2)
Let L2ϕ(R, RN) be the weighted space of measurable functions u : R→ RN under the norm
‖u‖L2ϕ =
(∫
R
ϕ(t)|u(t)|2dt
)1/2
, (2.3)
where ϕ(t) ∈ C(R, R+).
With condition (L), Lv and Tang obtained the following compact embedding theorem.
Lemma 2.1 (Lv and Tang [14]). Suppose that assumption (L) holds. Then the imbedding of E in
Lpω(R, RN) is compact, where p ∈ (1, 2), γ ∈ (1, 22−p ] and ω ∈ Lγ(R, R+).
The following lemma is a complement to Lemma 2.1 with the case p = 2.
Lemma 2.2 (Yuan and Zhang [37]). Under condition (L), the embedding E ↪→ L2h(R, RN) is con-
tinuous and compact for any h(t) ∈ C(R, R+) with h(t)→ 0 as |t| → ∞.
Then we can prove the following lemma.
Lemma 2.3. Suppose that the conditions (W6), (W8), (W9), (W10) hold, then we have ∇W(t, uk)→
∇W(t, u) in L2(R, RN) if uk ⇀ u in E.
Proof. Assume that uk ⇀ u in E. By the Banach–Steinhaus theorem and (2.1), there exists
D > 0 such that
sup
k∈N
‖uk‖∞ ≤ D and ‖u‖∞ ≤ D. (2.4)
We can deduce from (W10) and (2.4) that there exists d2 > 0 such that
|∇G(uk)| ≤ d2|uk(t)| for all t ∈ R. (2.5)
It follows from (1.2), (W6) and (2.5) that
|∇W(t, uk(t))−∇W(t, u(t))|2
≤ 8λb21(t)(|uk(t)|2r1−2 + |u(t)|2r1−2) + 8λb22(t)(|uk(t)|2r2−2 + |u(t)|2r2−2)
+ 4d2a22(t)(|uk(t)|2 + |u(t)|2)
≤ 8λb21(t)(|uk(t)− u(t)|2r1−2 + 2|u(t)|2r1−2) + 8λb22(t)(|uk(t)− u(t)|2r2−2 + 2|u(t)|2r2−2)
+ 4d2a22(t)(|uk(t)|2 + |u(t)|2)
≤ 8λb21(t)((2D)η1 |uk(t)− u(t)|2r1−2−η1 + 2Dη1 |u(t)|2r1−2−η1)
+ 8λb22(t)((2D)
η2 |uk(t)− u(t)|2r2−2−η2 + 2Dη2 |u(t)|2r2−2−η2)
+ 4d2a22(t)(|uk(t)− u(t)|2 + 2|u(t)|2),
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where ηi = ri− 2+ riβi−1 (i = 1, 2). By Lemma 2.1, uk(t)→ u(t) in L
p
ω(R, RN), for any p ∈ (1, 2),
γ ∈ (1, 2p−2 ] and ω ∈ Lγ(R, R+). Passing to a subsequence if necessary, it can be assumed that
∞
∑
k=1
‖uk − u‖Lpω < ∞,
which implies that uk(t)→ u(t) for a.e. t ∈ R. Set
ψ =
∞
∑
k=1
|uk(t)− u(t)|.
Then we can get that ψ ∈ Lribi(R, RN), for any i = 1, 2. By (W6) and the definition of ηi, we
have ∫
R
b2i (t)|uk(t)− u(t)|2ri−2−ηi dt ≤
∫
R
b2i (t)ψ
2ri−2−ηi dt
=
∫
R
(
|bi(t)|
2+ηi
ri
)(
|bi(t)|
2ri−2−ηi
ri ψ2ri−2−ηi
)
dt
≤
(∫
R
|bi(t)|
2+ηi
2−ri+ηi dt
) 2−ri+ηi
ri
(∫
R
|bi(t)|ψri dt
) 2(ri−1)−ηi
ri
=
(∫
R
|bi(t)|βi dt
) 2−ri+ηi
ri
(∫
R
|bi(t)|ψri dt
) 2(ri−1)−ηi
ri
< ∞
for any i = 1, 2. Similarly, we can obtain∫
R
b2i (t)|u(t)|2ri−2−ηi dt < ∞.
Furthermore, (W9) and Lemma 2.2 show that∫
R
a22(t)|uk(t)− u(t)|2dt < ∞ and
∫
R
a22(t)|u(t)|2dt < ∞.
Using Lebesgue’s dominated convergence theorem, the lemma is proved.
Remark 2.4. Obviously, the result of Lemma 2.3 still holds under the conditions (W1), (W3),
(W6).
Similar to the proof of Lemma 2.3 in [9], we can see that I ∈ C1(E, R) is w.l.s.c. and
〈I′(u), v〉 =
∫
R
((u˙(t), v˙(t)) + (L(t)u(t), v(t)))dt−
∫
R
(∇W(t, u(t)), u(t))dt
=
∫
R
((u˙(t), v˙(t)) + (L(t)u(t), v(t)))dt
− λ
∫
R
(∇F(t, u(t)), v(t)))dt−
∫
R
(∇K(t, u(t)), v(t)))dt
for any v ∈ E, which implies that
〈I′(u), u〉 = ‖u‖2 − λ
∫
R
(∇F(t, u(t)), u(t))dt−
∫
R
(∇K(t, u(t)), u(t))dt. (2.6)
Remark 2.5. Similar to Lemma 3.1 in [41], under condition (L), all the critical points of I are
homoclinic solutions for problem (1.1).
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3 Proof of Theorem 1.1
The existence of homoclinic solution is obtained by the Mountain Pass Theorem with (C)
condition which is stated as follows.
Lemma 3.1 (See [2]). Let E be a real Banach space and I : R → RN be a C1-smooth functional and
satisfy the (C) condition that is, (uj) has a convergent subsequence in W1,2(R, RN) whenever {I(uj)}
is bounded and ‖I′(uj)‖(1+ ‖uj‖)→ 0 as j→ ∞. If I satisfies the following conditions:
(i) I(0) = 0,
(ii) there exist constants $, α > 0 such that I|∂B$(0) ≥ α,
(iii) there exists e ∈ E \ B¯$(0) such that I(e) ≤ 0,
where B$(0) is an open ball in E of radius $ centred at 0, then I possesses a critical value c ≥ α given
by
c = inf
g∈Γ
max
s∈[0,1]
I(g(s)),
where
Γ = {g ∈ C([0, 1], E) : g(0) = 0, g(1) = e}.
Lemma 3.2. Suppose the conditions of Theorem 1.1 hold, then there exist λ1, $1, α1 > 0, such that
I|∂B$1 ≥ α1 for all λ ∈ (0,λ1), where B$1 = {u ∈ E : ‖u‖ ≤ $1}.
Proof. By (W4) and (W6), we can deduce that
|(∇F(t, x), x)| ≤ b1(t)|x|r1 + b2(t)|x|r2 (3.1)
and
|F(t, x)| ≤ 1
r1
b1(t)|x|r1 + 1r2 b2(t)|x|
r2 (3.2)
for all (t, x) ∈ R× RN . It follows from (2.2), (1.2), (W1), (W6), (3.2) and (2.1) that
I(u) =
1
2
‖u‖2 − λ
∫
R
F(t, u(t))dt−
∫
R
a1(t)|u(t)|sdt
≥ 1
2
‖u‖2 − λ
(
1
r1
∫
R
b1(t)|u(t)|r1 dt + 1r2
∫
R
b2(t)|u(t)|r2 dt
)
− ‖a1‖∞‖u‖s−2∞
∫
R
|u(t)|2dt
≥ 1
2
‖u‖2 − λ
(
1
r1
Cr1r1β∗1‖b1‖β1‖u‖
r1 +
1
r2
Cr2r2β∗2‖b2‖β2‖u‖
r2
)
− C22Cs−2∞ ‖a1‖∞‖u‖s
≥
(
1
8
+
(
1
8
− λ
r1
Cr1r1β∗1‖b1‖β1‖u‖
r1
)
+
(
1
8
− λ
r2
Cr2r2β∗2‖b2‖β2‖u‖
r2
)
+
(
1
8
− C22Cs−2∞ ‖a1‖∞‖u‖s−2
))
‖u‖2,
where 1βi +
1
β∗i
= 1 (i = 1, 2). Choose $1 =
( 1
8C22C
s−2
∞ ‖a1‖∞
) 1
s−2 , then we can set
λ1 = min
{
r1
8Cr1r1β∗1‖b1‖β1$
r1
1
,
r2
8Cr2r2β∗2‖b2‖β2$
r2
1
}
.
Hence for every λ ∈ (0,λ1) there exist $1 > 0 and α1 > 0 such that I|∂B$1 ≥ α1.
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Lemma 3.3. Suppose the conditions of Theorem 1.1 hold, then there exists e1 ∈ E such that ‖e1‖ > $1
and I(e1) ≤ 0, where $1 is defined in Lemma 3.2.
Proof. Choose ϕ1 ∈ C∞0 (Λ, RN) \ {0}, where Λ is the interval considered in (W2). Then by
(2.2), (W1), (W6) and (3.2), for any ξ ∈ R+, we obtain
I(ξϕ1) =
ξ2
2
‖ϕ1‖2 − λ
∫
Λ
F(t, ξϕ1(t))dt− ξs
∫
Λ
a1(t)|ϕ1(t)|sdt
≤ ξ
2
2
‖ϕ1‖2 + λ
(
1
r1
∫
R
b1(t)|ξϕ1(t)|r1 dt + 1r2
∫
R
b2(t)|ξϕ1(t)|r2 dt
)
− ξs
∫
Λ
a1(t)|ϕ1(t)|sdt
≤ ξ
2
2
‖ϕ1‖2 + λ
(
ξr1
r1
Cr1r1β∗1‖b1‖β1‖ϕ1‖
r1 +
ξr2
r2
Cr2r2β∗2‖b2‖β2‖ϕ1‖
r2
)
− ξs
∫
Λ
a1(t)|ϕ1(t)|sdt,
which implies that
I(ξϕ1)→ −∞ as ξ → +∞.
Therefore, there exists ξ1 > 0 such that I(ξ1ϕ1) < 0 and ‖ξ1ϕ1‖ > $1. Let e1 = ξ1ϕ1, we can
see I(e1) < 0, which proves this lemma.
Lemma 3.4. Suppose the conditions of Theorem 1.1 hold, then I satisfies condition (C).
Proof. Assume that {un}n∈N ⊂ E is a sequence such that {I(un)} is bounded and ‖I′(un)‖(1+
‖un‖)→ 0 as n→ ∞. Then there exists a constant M1 > 0 such that
|I(un)| ≤ M1, ‖I′(un)‖(1+ ‖un‖) ≤ M1. (3.3)
Subsequently, we show that {un} is bounded in E. Arguing in an indirect way, we assume
that ‖un‖ → ∞ as n→ ∞. It follows from (3.3), (2.2), (2.6), (3.1), (3.2) and (2.1) that there exist
M2, M3 > 0 such that
o(1) =
(s + 1)M1
‖un‖2
≥ sI(un) + ‖I
′(un)‖(1+ ‖un‖)
‖un‖2
≥ sI(un)− 〈I
′(un), un〉
‖un‖2
=
( s
2
− 1
)
− λ
∫
R sF(t, un(t))− (∇F(t, un(t)), un(t))dt
‖un‖2
≥
( s
2
− 1
)
− λM2
∫
R b1(t)|un(t)|r1 + b2(t)|un(t)|r2 dt
‖un‖2
≥
( s
2
− 1
)
− λM3
(‖un‖r1−2 + ‖un‖r2−2)
→
( s
2
− 1
)
as n→ ∞,
which is a contradiction. Hence {un} is bounded in E. Consequently, there exists a subse-
quence, still denoted by {un}, such that un ⇀ u in E. Therefore
〈I′(un)− I′(u), un − u〉 → 0 as n→ +∞.
By Remark 2.4, we have∫
R
(∇W(t, un)−∇W(t, u), un − u)dt→ 0 as n→ +∞.
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It follows from (2.6) that
〈I′(un)− I′(u), un − u〉 = ‖un − u‖2 −
∫
R
(∇W(t, un)−∇W(t, u), un − u)dt,
which implies that ‖un − u‖ → 0 as n→ +∞. Hence I satisfies condition (C).
By Lemma 3.1, I possesses a critical value c ≥ α1 > 0 given by
c = inf
g∈Γ
max
s∈[0,1]
I(g(s)),
where
Γ = {g ∈ C([0, 1], E) : g(0) = 0, g(1) = e1}.
Hence, there exists u0 ∈ E such that
I(u0) = c > 0, I′(u0) = 0.
Then the function u0 is a desired homoclinic solution of problem (1.1). Subsequently, we
search for the second critical point of I corresponding to negative critical value.
Lemma 3.5. Suppose that the conditions of Theorem 1.1 hold, then there exists a critical point of I
corresponding to a negative critical value.
Proof. By (W4) and (W5), there exists σ > 0 such that
F(t¯, x) >
1
2
b0|x|r0 (3.4)
for all t ∈ (t¯− σ, t¯ + σ) and x ∈ RN . Choose ϕ2 ∈ C∞0 ((t¯− σ, t¯ + σ), RN) \ {0}, then it follows
from (2.2), (W1), (3.4) and 1 < r0 < 2 < s that
I(θϕ2) =
θ2
2
‖ϕ2‖2 − λ
∫
R
F(t, θϕ2(t))dt− θs
∫
R
a1(t)|ϕ2(t)|sdt
≤ θ
2
2
‖ϕ2‖2 − θ
r0
2
λb0
∫ t¯+σ
t¯−σ
|ϕ2(t)|r0 dt + θs
∫ t¯+σ
t¯−σ
|a1(t)||ϕ2(t)|sdt
< 0
for θ > 0 small enough. By Lemma 3.2 and Lemma 1.8, this lemma is proved.
By Lemma 3.2–Lemma 3.5, we can see that I possesses at least two distinct nontrivial
critical points. By Remark 2.5, problem (1.1) possesses at least two homoclinic solutions.
4 Proof of Theorem 1.3
In this section, we will use Lemma 1.9 to prove the existence of infinitely many homoclinic
solutions for problem (1.1).
Lemma 4.1. Suppose the conditions of Theorem 1.3 hold, then I satisfies (Z1).
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Proof. Let {xj}∞j=1 be a complete orthonormal basis of E and Xk =
⊕k
j=1 Zj, where Zj =
span{xj}. For any q ∈ [2,+∞], we set
hk(q) = sup
u∈X⊥k ,‖u‖=1
‖u‖q. (4.1)
It is easy to see that hk(q)→ 0 as k → ∞ for any q ∈ [2,+∞]. Let $2 = 1, we can deduce from
(2.2), (3.2), (W6) and (4.1) that for any u ∈ X⊥k
⋂
∂B$2
I(u) =
1
2
− λ
∫
R
F(t, u(t))dt−
∫
R
a1(t)|u(t)|sdt
≥ 1
2
− λ
r1
∫
R
b1(t)|u(t)|r1 dt− λr2
∫
R
b2(t)|u(t)|r2 dt− ‖a1‖∞‖u‖s−2∞
∫
R
|u(t)|2dt
≥ 1
2
−
(
λ
r1
hr1k0(r1β
∗
1)‖b1‖β1 +
λ
r2
hr2k0(r2β
∗
2)‖b2‖β2 + h2k0(2)hs−2k0 (∞)‖a1‖∞
)
, (4.2)
which implies that there exists a k0 > 0 such that I(u) > 14 for all u ∈ X⊥k0
⋂
∂B$2 . Hence there
exist $2, α2 > 0 such that I|X⊥k0
⋂
∂B$2
≥ α2.
Lemma 4.2. Suppose the conditions of Theorem 1.3 hold, then for any m ∈ N, there exist a linear
subspace X˜m and rm > 0 such that dim X˜m = m and
I(u) ≤ 0 on X˜m \ Brm .
Proof. By (W2), there exist a0 > 0 and Λ0 ⊂ Λ such that a1(t) > a0 for all t ∈ Λ0 with
meas(Λ0) > 0. Choose a complete orthonormal basis {ej(t)}∞j=1 of W1,20 (Λ0, RN). Subse-
quently, set Ej = span{ej(t)} and X˜m = ⊕mj=1 Ej. Then there exists a constant σm > 0, such
that
‖u‖s ≥ σm‖u‖ (4.3)
for all u ∈ X˜m. For any um ∈ X˜m, we can see supp um ⊂ Λ0. It follows from (2.2), (2.1), (3.2),
(W1), (W6) and (4.3) that
I(um) =
1
2
‖um‖2 − λ
∫
R
F(t, um(t))dt−
∫
R
a1(t)|um(t)|sdt
=
1
2
‖um‖2 − λ
∫ t0+δ
t0−δ
F(t, um(t))dt−
∫ t0+δ
t0−δ
a1(t)|um(t)|sdt
≤ 1
2
‖um‖2 + λr1 C
r1
r1β∗1
‖b1‖β1‖um‖r1 +
λ
r2
Cr2r2β∗2‖b2‖β2‖um‖
r2 − a0‖um‖ss
≤ 1
2
‖um‖2 + λr1 C
r1
r1β∗1
‖b1‖β1‖um‖r1 +
λ
r2
Cr2r2β∗2‖b2‖β2‖um‖
r2 − σsma0‖um‖s.
Since s > 2 > max{r1, r2}, there exists rm > 0 such that I(um) ≤ 0 for all um ∈ X˜m \ Brm , which
proves this lemma.
Lemma 4.3. Suppose the conditions of Theorem 1.3 hold, then I satisfies the (PS)∗ condition.
Proof. The proof of this lemma is similar to Lemma 3.4.
Proof of Theorem 1.3. By Lemmas 4.1–4.3 and Lemma 1.9, I possesses infinitely many distinct
critical points corresponding to positive critical values. The proof of Theorem 1.3 is finished.
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5 Proof of Theorem 1.5
Lemma 5.1. Suppose the conditions of Theorem 1.5 hold, then there exist λ2, $3, α3 > 0 such that
I|∂B$3 ≥ α3 for all λ ∈ (0,λ2).
Proof. It follows from (W10) that there exists ρ1 > 0 such that
|∇G(x)| ≤ |x|
4C22‖a2‖∞
, ∀ |x| ≤ ρ1.
By G(0) = 0, we can deduce that
|G(x)| = |G(x)− G(0)|
=
∣∣∣∣∫ 10 (∇G(φx), x)dφ
∣∣∣∣
≤
∫ 1
0
|∇G(φx)||x|dφ
≤
∫ 1
0
1
4C22‖a2‖∞
|φx||x|dφ
≤ |x|
2
4C22‖a2‖∞
(5.1)
for all |x| ≤ ρ1. By (2.2), (5.1), (3.2), (W5), (W8) and (2.1), for any u ∈ B ρ1
C∞
, we have
I(u) =
1
2
‖u‖2 − λ
∫
R
F(t, u(t))dt−
∫
R
a2(t)G(u(t))dt
≥ 1
2
‖u‖2 − λ
(
1
r1
∫
R
b1(t)|u(t)|r1 dt + 1r2
∫
R
b2(t)|u(t)|r2 dt
)
− 1
4C22
∫
R
|u(t)|2dt
≥ 1
2
‖u‖2 − λ
(
1
r1
Cr1r1β∗1‖b1‖β1‖u‖
r1 +
1
r2
Cr2r2β∗2‖b2‖β2‖u‖
r2
)
− 1
4
‖u‖2
=
(
1
12
+
(
1
12
− λ
r1
Cr1r1β∗1‖b1‖β1‖u‖
r1−2
)
+
(
1
12
− 1
r2
Cr2r2β∗2‖b2‖β2‖u‖
r2−2
))
‖u‖2. (5.2)
Let $3 =
ρ1
C∞ . From (5.2), we set
λ2 = min
 r112Cr1r1β∗1‖b1‖β1$r1−23 ,
r2
12Cr2r2β∗2‖b2‖β2$
r2−2
3
 ,
which implies that I|∂B$3 > α3 for some α3 > 0 and all λ ∈ (0,λ2). Then we finish the proof of
this lemma.
Lemma 5.2. Suppose the conditions of Theorem 1.5 hold, then there exists e2 ∈ E such that ‖e2‖ > $3
and I(e2) ≤ 0, where $3 is defined in Lemma 5.1.
Proof. Choose e3 ∈ C∞0 (−1, 1) such that ‖e3‖ = 1. It follows from (W9) that there exists a˜ > 0
such that a2(t) ≥ a˜ for all t ∈ (−1, 1). We can see that there exist e˜ > 0 and Υ ⊂ (−1, 1) such
that |e3(t)| ≥ e˜ for all t ∈ Υ with meas(Υ) > 0. By (W11), for any A > 0 there exists Q > 0
such that
G(x)
|x|2 ≥ A
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for all |x| ≥ Q, which implies that∫
Υ
G(ηe3(t))
|ηe3(t)|2 dt ≥ A meas(Υ),
for all η ≥ Q/e˜. Then by the arbitrariness of A, we obtain∫
Υ
G(ηe3(t))
|ηe3(t)|2 dt→ ∞ as |η| → ∞. (5.3)
By (2.2), (5.3), (2.1), (3.2) and (W6), we have
I(ηe3)
η2
=
1
2
− λ
∫
R
F(t, ηe3(t))
η2
dt−
∫
R
a2(t)G(ηe3(t))
η2
dt
≤ 1
2
+ λ
(
1
η2r1
∫
R
b1(t)|ηe3(t)|r1 dt + 1
η2r2
∫
R
b2(t)|ηe3(t)|r2 dt
)
− a˜
∫ 1
−1
G(ηe3(t))
η2
dt
≤ 1
2
+ λ
(
1
r1
Cr1r1β∗1‖b1‖β1 |η|
r1−2 +
1
r2
Cr2r2β∗2‖b2‖β2 |η|
r2−2
)
− a˜
∫
Υ
G(ηe3(t))
|ηe3(t)|2 |e3(t)|
2dt
≤ 1
2
+ λ
(
1
r1
Cr1r1β∗1‖b1‖β1 |η|
r1−2 +
1
r2
Cr2r2β∗2‖b2‖β2 |η|
r2−2
)
− a˜e˜2
∫
Υ
G(ηe3(t))
|ηe3(t)|2 dt
→ −∞ as |η| → ∞.
Therefore, there exists η1 > 0 such that I(η1e3) < 0 and ‖η1e3‖ > $3. Let e2 = η1e3, we can see
I(e2) < 0, which proves this lemma.
Lemma 5.3. Suppose the conditions of Theorem 1.5 hold, then I satisfies the (PS) condition.
Proof. Assume that {un}n∈N ⊂ E is a sequence such that
|I(un)| < ∞ and I′(un)→ 0.
Then there exists a constant M4 > 0 such that
|I(un)| ≤ M4, ‖I′(un)‖E∗ ≤ M4. (5.4)
Subsequently, we show that {un} is bounded in E. Set
G˜(x) = (∇G(x), x)− νG(x),
where ν is defined in (W12). From (W10), we can deduce that G˜(x) = o(|x|2) as |x| → 0, then
there exists ρ2 ∈ (0, ρ∞) such that
|G˜(x)| ≤ |x|2 (5.5)
for all |x| ≤ ρ2. Arguing by contradiction, we assume that ‖un‖ → +∞ as n → ∞. Set
zn = un‖un‖ , then ‖zn‖ = 1, which implies that there exists a subsequence of {zn}, still denoted
by {zn}, such that zn ⇀ z0 in E and zn → z0 uniformly on R as n → ∞. The following
discussion is divided into two cases.
Case 1: z0 6≡ 0. Let Ω = {t ∈ R | |z0(t)| > 0}. Then we can see that meas(Ω) > 0. It is easy to
see that there exists Ω0 ⊂ Ω such that meas(Ω0) > 0 and supt∈Ω0 |t| < ∞. Otherwise, for any
n ∈ N, we have meas (Bn ⋂Ω) = 0, where Bn = {t ∈ R | |t| ≤ n}. Then we can deduce that
limn→∞ meas (Bn
⋂
Ω) = 0, which implies that meas(Ω) = 0, which is a contradiction. Since
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‖un‖ → +∞ as n → ∞ and |un(t)| = |zn(t)| · ‖un‖, then we have |un(t)| → +∞ as n → ∞ for
a.e. t ∈ Ω0. On one hand, it follows from (2.2), (3.2) and (W6) that∣∣∣∣∫R K(t, un)‖un‖2 dt− 12
∣∣∣∣ = ∣∣∣∣ I(un)‖un‖2 + λ
∫
R
F(t, un)
‖un‖2 dt
∣∣∣∣
≤ M4‖un‖2 +
λ
r1
Cr1r1β∗1‖b1‖β1‖un‖
r1 + λr2 C
r2
r2β∗2
‖b2‖β2‖un‖r2
‖un‖2
→ 0 as n→ ∞, (5.6)
which implies that
lim
n→∞
∫
R
K(t, un)
‖un‖2 dt =
1
2
. (5.7)
On the other hand, by the property of Ω0 and (W9), there exists a¯ > 0 such that a2(t) ≥ a¯ for
all t ∈ Ω0. It follows from (W8), (W9), G(x) ≥ 0 and Fatou’s lemma that
lim
n→∞
∫
R
K(t, un)
‖un‖2 dt ≥ limn→∞
∫
Ω0
K(t, un)
‖un‖2 dt
= lim
n→∞
∫
Ω0
a2(t)G(un)
|un(t)|2 |zn(t)|
2dt
≥ a¯ lim
n→∞
∫
Ω0
G(un)
|un(t)|2 |zn(t)|
2dt
= +∞,
which contradicts (5.7).
Case 2: z0 ≡ 0. It follows from (5.4), (2.2), (2.6), (W9), (5.5), (3.1), (3.2) and Lemma 2.2 that that
o(1) =
νM4 + M4‖un‖
‖un‖2
≥ νI(un)− 〈I
′(un), un〉
‖un‖2
≥
(ν
2
− 1
)
− λ(ν+ 1)‖un‖2
(
1
r1
Cr1r1β∗1‖b1‖β1‖un‖
r1 +
1
r2
Cr2r2β∗2‖b2‖β2‖un‖
r2
)
+
1
‖un‖2
∫
R
a2(t)G˜(un(t))dt
≥
(ν
2
− 1
)
+
1
‖un‖2
(∫
{t∈R||un|≤ρ2}
a2(t)G˜(un(t))dt +
∫
{t∈R||un|>ρ∞}
a2(t)G˜(un(t))dt
)
+
1
‖un‖2
∫
{t∈R|ρ2<|un|≤ρ∞}
a2(t)G˜(un(t))dt + o(1)
≥
(ν
2
− 1
)
− 1‖un‖2
(∫
{t∈R||un|≤ρ2}
a2(t)|un(t)|2dt +
∫
{t∈R||un|>ρ∞}
d1a2(t)|un(t)|2dt
)
− maxρ2<|x|≤ρ∞ |G˜(x)|
ρ22
∫
{t∈R|ρ2<|un|≤ρ∞}
a2(t)
|un(t)|2
‖un‖2 dt + o(1)
≥
(ν
2
− 1
)
−
(
1+ d1 +
maxρ2<|x|≤ρ∞ |G˜(x)|
ρ22
) ∫
R
a2(t)|zn(t)|2dt + o(1)
→
(ν
2
− 1
)
as n→ ∞,
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which is a contradiction. The rest proof is similar to Lemma 3.4. Thus I satisfies the (PS)
condition.
Lemma 5.4. Suppose that the conditions of Theorem 1.5 hold, then there exists a critical point of I
corresponding to negative critical value.
Proof. The proof is similar to Lemma 3.5.
By Lemmas 5.1–5.4, we can deduce that I possesses at least two critical points. Conse-
quently, problem (1.1) possesses at least two homoclinic solutions.
6 Proof of Theorem 1.7
Lemma 6.1. Suppose the conditions of Theorem 1.7 hold, then I satisfies (Z1).
Proof. Let Xk and hk(q) be as defined in Lemma 4.1. For any u ∈ X⊥k
⋂
∂B$4 with $4 ≤
min{1, ρ1C∞ }, it follows from (2.2), (3.2), (5.1), (W6) and (4.1) that
I(u) =
1
2
$24 − λ
∫
R
F(t, u(t))dt−
∫
R
a2(t)G(u(t))dt
≥ 1
2
$24 −
λ
r1
∫
R
b1(t)|u(t)|r1 dt− λr2
∫
R
b2(t)|u(t)|r2 dt− 14C22
∫
R
|u(t)|2dt
≥ 1
2
$24 −
λ
r1
hr1k (r1β
∗
1)‖b1‖β1$r14 −
λ
r2
hr2k (r2β
∗
2)‖b2‖β2$r24 −
1
4C22
h2k(2)$
2
4
≥ 1
2
$24 −
(
λ
r1
hr1k (r1β
∗
1)‖b1‖β1 +
λ
r2
hr2k (r2β
∗
2)‖b2‖β2 +
1
4C22
h2k(2)
)
$4.
Therefore there exists k1 > 0 such that I(u) > 14$
2
4 for all u ∈ X⊥k1
⋂
∂B$4 . Hence there exist $4,
α4 > 0 such that I|X⊥k1
⋂
∂B$4
≥ α4.
Lemma 6.2. Suppose the conditions of Theorem 1.7 hold, then I satisfies (Z2).
Proof. Set X˜m =
⊕m
j=1 Zj, where Zj is defined in Lemma 4.1. For any u ∈ X˜m \ {0} and ϑ > 0,
set
Γϑ(u) = {t ∈ R : |u(t)| ≥ ϑ‖u‖}.
Similar to [17], there exists ϑ0 > 0 such that
meas (Γϑ0(u)) ≥ ϑ0 (6.1)
for all u ∈ X˜m \ {0}. Then there exists κ > 0 such that
meas (Πϑ0(u)) ≥
1
2
ϑ0, (6.2)
for all u ∈ X˜m \ {0}, where Πϑ(u) = Γϑ(u)⋂{R : t ≤ κ}. Letting a2 = mint≤κ a2(t) > 0, it
follows from (W11) that there exists ξ > 0 such that
G(u(t)) ≥ 1
a2ϑ30
|u(t)|2 ≥ 1
a2ϑ0
‖u‖2
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for all u ∈ X˜m and t ∈ Γϑ0(u) with ‖u‖ ≥ ξ. We can choose ςm > ξ, then for any u ∈ X˜m \ Bςm ,
it follows from (2.2), (2.1), (6.1) and (3.2) that
I(u) =
1
2
‖u‖2 − λ
∫
R
F(t, u(t))dt−
∫
R
a2(t)G(u(t))dt
≤ 1
2
‖u‖2 − λ
∫
R
F(t, u(t))dt−
∫
Γϑ0 (u)
a2(t)G(u(t))dt
≤ 1
2
‖u‖2 + λ
r1
Cr1r1β∗1‖b1‖β1‖u‖
r1 +
λ
r2
Cr2r2β∗2‖b2‖β2‖u‖
r2 − 1
ϑ0
meas (Γϑ0(u)) ‖u‖2
≤ − 1
2
‖u‖2 + λ
r1
Cr1r1β∗1‖b1‖β1‖u‖
r1 +
λ
r2
Cr2r2β∗2‖b2‖β2‖u‖
r2 .
Then there exists rm > ξ such that I(um) ≤ 0 for all u ∈ X˜m \ Brm , which proves this lemma.
Lemma 6.3. Suppose the conditions of Theorem 1.7 hold, then I satisfies the (PS)∗ condition.
Proof. The proof is similar to Lemma 5.3.
Proof of Theorem 1.7. By Lemmas 6.1–6.3 and Lemma 1.9, I possesses infinitely many distinct
critical points corresponding to positive critical values. The proof of Theorem 1.7 is finished.
Acknowledgements
The authors would like to thank the referees for their valuable comments which helped to
improve the manuscript. The first author is supported by the NSFC (No. 11626198), The Youth
Science and Technology Innovation Team of Southwest Petroleum University for Nonlinear
Systems (No. 2017CXTD02) and The Science and Technology Innovation Team of Education
Department of Sichuan for Dynamical System and its Applications (No. 18TD0013). The
second and the third authors are supported by the NSFC (No. 11471267).
References
[1] A. Ambrosetti, V. Coti Zelati, Multiple homoclinic orbits for a class of conservative
systems, Rend. Sem. Mat. Univ. Padova 89(1993), 177–194. MR1229052
[2] A. Ambrosetti, P. H. Rabinowitz, Dual variational methods in critical point theory and
applications, J. Funct. Anal. 14(1973), 349–381. MR0370183; https://doi.org/10.1016/
0022-1236(73)90051-7
[3] G. Bonanno, R. Livrea, M. Schechter, Multiple solutions of second order Hamiltonian
systems, Electron. J. Qual. Theory Differ. Equ. 2017, No. 33, 1–15. MR3650204; https://
doi.org/10.14232/ejqtde.2017.1.33
[4] G. Bonanno, R. Livrea, M. Schechter, Some notes on a superlinear second order
Hamiltonian system, Manuscripta Math. 154(2017), 59–77. MR3682204; https://doi.org/
10.1007/s00229-016-0903-6
[5] G. Bonanno, R. Livrea, Existence and multiplicity of periodic solutions for second order
Hamiltonian systems depending on a parameter, J. Convex Anal. 20(2013), 1075–1094.
MR3184297
16 D.-L. Wu, C.-L. Tang and X.-P. Wu
[6] C. J. Batkam, Homoclinic orbits of first-order superquadratic Hamiltonian systems, Dis-
crete Contin. Dyn. Syst. 34(2014), No. 9, 3353–3369. MR3190982; https://doi.org/10.
3934/dcds.2014.34.3353
[7] K.-C. Chang, Infinite dimensional Morse theory and multiple solution problems, Birk-
häuser Boston, Inc., Boston, MA, 1993. MR1196690; https://doi.org/10.1007/
978-1-4612-0385-8
[8] P. C. Carrião, O. H. Miyagaki, Existence of homoclinic solutions for a class of
time-dependent Hamiltonian systems, J. Math. Anal. Appl. 230(1999), No. 1, 157–172.
MR1669601; https://doi.org/10.1006/jmaa.1998.6184
[9] H. Chen, Zh. He, Infinitely many homoclinic solutions for a class of second-order
Hamiltonian systems, Adv. Difference Equ. 2014, 2014:161, 15 pp. MR3357335; https:
//doi.org/10.1186/1687-1847-2014-161
[10] P. L. Felmer, E. A. De B. Silva, Homoclinic and periodic orbits for Hamiltonian systems,
Ann. Scuola Norm. Sup. Pisa Cl. Sci. 26(1998), No. 2, 285–301. MR1631585
[11] M. Izydorek, J. Janczewska, Homoclinic solutions for a class of the second order
Hamiltonian systems, J. Differential Equations 219(2005), No. 2, 375–389. MR2183265;
https://doi.org/10.1016/j.jde.2005.06.029
[12] P. Korman, A. C. Lazer, Homoclinic orbits for a class of symmetric Hamiltonian systems,
Electron. J. Differential Equations 1994, No. 1, 1–10. MR1258233
[13] S.P. Lu, Homoclinic solutions for a nonlinear second order differential system with
p-Laplacian operator, Nonlinear Anal. Real World Appl. 12(2011), 525–534. MR2729040;
https://doi.org/10.1016/j.nonrwa.2010.06.037
[14] Y. Lv, C.-L. Tang, Homoclinic orbits for second-order Hamiltonian systems with sub-
quadratic potentials, Chaos Solitons Fractals 57(2013), 137–145. MR3128609; https://doi.
org/10.1016/j.chaos.2013.09.007
[15] J. F. Liao, Y. Pu, X. F. Ke, C.-L. Tang, Multiple positive solutions for Kirchhoff type
problems involving concave-convex nonlinearities, Commun. Pure Appl. Anal. 16(2017),
2157–2175. MR3693877; https://doi.org/10.3934/cpaa.2017107
[16] W. Omana, M. Willem, Homoclinic orbits for a class of Hamiltonian systems, Differential
Integral Equations 5(1992), No. 5, 1115–1120. MR1171983
[17] Z.-Q. Ou, C.-L. Tang, Existence of homoclinic solution for the second order Hamiltonian
systems, J. Math. Anal. Appl. 291(2004), No. 1, 203–213. MR2034067; https://doi.org/
10.1016/j.jmaa.2003.10.026
[18] E. Paturel, Multiple homoclinic orbits for a class of Hamiltonian systems, Calc. Var.
Partial Differential Equations 12(2001), No. 2, 117–143. MR1821234; https://doi.org/10.
1007/PL00009909
[19] P. H. Rabinowitz, Minimax methods in critical point theory with applications to differential
equations, CBMS Regional Conference Series in Mathematics, Vol. 65, American Mathe-
matical Society, Providence, RI, 1986. MR0845785; https://doi.org/10.1090/cbms/065
Homoclinic orbits for Hamiltonian systems with concave–convex nonlinearities 17
[20] P. H. Rabinowitz, Homoclinic orbits for a class of Hamiltonian systems, Proc. Roy. Soc.
Edinburgh Sect. A 114(1990), No. 1–2, 33–38. MR1051605; https://doi.org/10.1017/
S0308210500024240
[21] P. H. Rabinowitz, K. Tanaka, Some results on connecting orbits for a class of Hamil-
tonian systems, Math. Z. 206(1991), No. 3, 473–499. MR1095767; https://doi.org/doi.
org/10.1007/BF02571356
[22] M. Struwe, Variational methods. Applications to nonlinear partial differential equations and
Hamiltonian systems, Springer-Verlag, Berlin, 1990. MR1078018; https://doi.org/10.
1007/978-3-662-02624-3
[23] M. Schechter, Homoclinic solutions of nonlinear second-order Hamiltonian systems,
Ann. Mat. Pura Appl. 195(2016), No. 5, 1665–1683. MR3537968; https://doi.org/10.
1007/s10231-015-0538-3
[24] J. Sun, H. Chen, J. J. Nieto, Homoclinic solutions for a class of subquadratic second-
order Hamiltonian systems, J. Math. Anal. Appl. 373(2011), 20–29. MR2684454; https:
//doi.org/10.1016/j.jmaa.2010.06.038
[25] J. Sun, H. Chen, J. J. Nieto, Homoclinic orbits for a class of first-order nonperiodic
asymptotically quadratic Hamiltonian systems with spectrum point zero, J. Math. Anal.
Appl. 378(2011), No. 1, 117–127. MR2772449; https://doi.org/10.1016/j.jmaa.2010.
12.044
[26] J. Sun, T. F. Wu, Multiplicity and concentration of homoclinic solutions for some second
order Hamiltonian systems, Nonlinear Anal. 114(2015), 105–115. MR3300787; https://
doi.org/10.1016/j.na.2014.11.009
[27] X. H. Tang, X. Y. Lin, Existence of infinitely many homoclinic orbits in Hamiltonian
systems, Proc. Roy. Soc. Edinburgh Sect. A 141(2011), 1103–1119. MR2838370; https://
doi.org/10.1017/S0308210509001346
[28] X. H. Tang, X. Y. Lin, Infinitely many homoclinic orbits for Hamiltonian systems with
indefinite sign subquadratic potentials, Nonlinear Anal. 74 (2011) 6314–6325. MR2833414;
https://doi.org/10.1016/j.na.2011.06.010
[29] L.-L. Wan, C.-L. Tang, Existence of homoclinic orbits for second order Hamiltonian sys-
tems without (AR) condition, Nonlinear Anal. 74(2011), 5303–5313. MR2819275; https:
//doi.org/10.1016/j.na.2011.05.011
[30] X. Wu, X. Ding, T. Lu, J. Wang, Topological dynamics of Zadeh’s extension on upper
semi-continuous fuzzy sets, Internat. J. Bifur. Chaos Appl. Sci. Engrg. 27(2017), No. 10,
1750165, 13 pp. MR3712608; https://doi.org/10.1142/S0218127417501656
[31] X. Wu, X. Wang, G. Chen, On the large deviations theorem of weaker types, Internat. J.
Bifur. Chaos Appl. Sci. Engrg. 27(2017), No. 8, 1750127, 12 pp. MR3684601; https://doi.
org/10.1142/S0218127417501279
[32] D.-L. Wu, C.-L. Tang, X.-P. Wu, Existence and nonuniqueness of homoclinic solutions for
second-order Hamiltonian systems with mixed nonlinearities, Commun. Pur. Appl. Anal.
15(2016), 57–72. MR3437533; https://doi.org/10.3934/cpaa.2016.15.57
18 D.-L. Wu, C.-L. Tang and X.-P. Wu
[33] L. Yang, H. Chen, J. Sun, Infinitely many homoclinic solutions for some second or-
der Hamiltonian systems. Nonlinear Anal. 74(2011), 6459–6468. MR2833430; https://doi.
org/10.1016/j.na.2011.06.029
[34] J. Yang, F. Zhang, Infinitely many homoclinic orbits for the second order Hamiltonian
systems with super-quadratic potentials, Nonlinear Anal. Real World Appl. 10(2009), 1417–
1423. MR2502954; https://doi.org/10.1016/j.nonrwa.2008.01.013
[35] Y. W. Ye, C.-L. Tang, Multiple homoclinic solutions for second-order perturbed Hamil-
tonian systems, Stud. Appl. Math. 132(2014), 112–137. MR3167090; https://doi.org/10.
1111/sapm.12023
[36] Y. W. Ye, C.-L. Tang, New existence and multiplicity results of homoclinic orbits for
a class of second order Hamiltonian systems, Chaos Solitons Fractals 69(2014), 151–159.
MR3277607; https://doi.org/10.1016/j.chaos.2014.09.016
[37] R. Yuan, Z. Zhang, Homoclinic solutions for a class of second order Hamilto-
nian systems, Results Math. 61(2012), 195–208. MR2885548; https://doi.org/10.1007/
s00025-010-0088-3
[38] M.-H Yang, Z.-Q. Han, Infinitely many homoclinic solutions for second-order Hamilto-
nian systems with odd nonlinearities, Nonlinear Anal. 74(2011), 2635–2646. MR2776515;
https://doi.org/10.1016/j.na.2010.12.019
[39] Q. Zhang, L. Chu, Homoclinic solutions for a class of second order Hamiltonian systems
with locally defined potentials. Nonlinear Anal. 75(2012), 3188–3197. MR2890980; https:
//doi.org/10.1016/j.na.2011.12.018
[40] Z. Zhang, R. Yuan, Homoclinic solutions for a class of non-autonomous sub-quadratic
second-order Hamiltonian systems, Nonlinear Anal. 71(2009), 4125–4130. MR2536317;
https://doi.org/10.1016/j.na.2009.02.071
[41] Z. Zhang, T. Xiang, R. Yuan, Homoclinic solutions for subquadratic Hamiltonian sys-
tems without coercive conditions, Taiwanese J. Math. 18(2014), 1089–1105. MR3245431;
https://doi.org/10.11650/tjm.18.2014.3508
